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In this note, we will consider a reduction of a singular Briot-Bouquet type partial dif-
ferential equation (A) t@u=@t = F (t; x; u; @u=@x) to a simple form (B) t@w=@t = (x)w with
(x) = (@F=@u)(0; x; 0; 0) in the complex domain under the assumption that (A) satises cer-
tain Poincare condition. The reduction is done by considering the coupling of two equations
(A) and (B), and by solving their coupling equation. The result is applied to the problem of
nding all the singular solutions of (A). This is an announcement of [5], and the details will
be published in [5]. In the case of non-singular partial dierential equations, its reduction to a
normal form is done in [4].
x 1. Introduction
Let (t; x) be the variables in CtCx, and let F (t; x; u; v) be a holomorphic function
dened in a polydisk  centered at the origin of Ct  Cx  Cu  Cv. In the paper [4],













by considering the coupling of these two equations and by solving their coupling equa-
tions.
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A1) F (t; x; u; v) is a holomorphic function on ,




(0; x; 0; 0)  0 on 0.
In the book of Gerard-Tahara [3], the equation (1.1) is called a Briot-Bouquet type





(0; x; 0; 0)
is called the characteristic exponent (or the characteristic exponent function) of (1.1).
About the structure of holomorphic and singular solutions of (1.1) in a neighborhood of
(0; 0) 2 CtCx, one can refer to Gerard-Tahara [2] and [3]. Among them, the following
theorem is the most fundamental result:
Theorem 1.1 ([2]). If (0) 62 f1; 2; : : :g holds, the equation (1.1) has a unique
holomorphic solution u0(t; x) in a neighborhood of (0; 0) 2 CtCx satisfying u0(0; x)  0
near x = 0.
The main theme of this note is to consider the following problem:
Problem 1.2. Find a canonical form of the equastion (1.1) by considering the
coupling of two partial dierential equations.
This is an announcement of [5], and the details will be published in [5].
x 2. Analysis of the coupling equations
As is seen in the case of Briot-Bouquet's ordinary dierential equations (in chapter
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as a candidate of the canonical form of (1.1) in a generic case. In order to justify this



































(x); 0  i  m;




















In the equation (),  = (t; x; u0; u1; : : :) is the unknown function with innitely many
variables (t; x; u0; u1; : : :); in the equation (	),  =  (t; x; w0; w1; : : :) is the unknown
function with innitely many variables (t; x; w0; w1; : : :).
The formal meaning of the coupling equations is as follows:
Proposition 2.1. (1) If (t; x; u0; u1; : : :) is a solution of () and if u(t; x) is a
solution of (1.1), then the function w(t; x) = (t; x; u; @u=@x; : : :) is a solution of (2.1).
(2) If  (t; x; w0; w1; : : :) is a solution of (	) and if w(t; x) is a solution of (2.1),
then the function u(t; x) =  (t; x; w; @w=@x; : : :) is a solution of (1.1).
Proof. We will show only (1). Let (t; x; u0; u1; : : :) be a solution () and let
u(t; x) be a solution of (1.1). Set ui(t; x) = (@=@x)
iu(t; x) (i = 0; 1; 2; : : :): we have



































































This shows that w(t; x) is a solution of (2.1).
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Denote by S1 the set of all solutions of (1.1), and by S2 the set of all solutions of
(2.1): if we have a solution (t; x; u0; u1; : : :) of () (resp. a solution  (t; x; w0; w1; : : :)
of (	)) we can dene a mapping  : S1 3 u 7 ! w = (t; x; u; @u=@x; : : :) 2 S2 (resp.
	 : S2 3 w 7 ! u =  (t; x; w; @w=@x; : : :) 2 S1). Thus, to dene the mappings  and 	
we must solve the equations () and (	).
For k 2 N and R > 0 we denote by Hk;R[t; u0; : : : ; uk 1] the set of all homo-
geneous polynomials of degree k in (t; u0; : : : ; uk 1) with holomorphic coecients in a
neighborhood of DR = fx 2 C ; jxj  Rg.
For r > 0, c > 0, s > 0 and " > 0 we write
Uk(r; c; s; ") =

(t; x; u0; : : : ; uk 1) 2 C C Ck ; jtj  r"; jxj  s;
ju0j  0!"; ju1j  1!"=c; : : : ; juk 1j  (k   1)!"=ck 1
	
;
Wk(c; s; ") =

(t; x; w0; : : : ; wk 1) 2 C C Ck ; jtj  "; jxj  s;
jw0j  0!"; jw1j  1!"=c; : : : ; jwk 1j  (k   1)!"=ck 1
	
(k = 1; 2; : : :). For a holomorphic function f(t; x; u0; : : : ; uk 1) on Uk = Uk(r; c; s; ") we
dene the norm kfkUk by
kfkUk = max
Uk
jf(t; x; u0; : : : ; uk 1)j:
The norm kgkWk is dened in the same way. We have the following result.
Theorem 2.2. Let R > 0 be suciently small. Suppose the conditions A1),
A2), A3) and
j i+ (x)(j   1)j  (i+ j) on DR(2.2)
for any (i; j) 2 N N n f(0; 0); (0; 1)g
for some  > 0. Then, we can nd constants r0 > 0 and 0 < c0 < R so that the
following results hold.
(1) The coupling equation () has a unique formal solution of the form
 =
 a(x)
1  (x) t+ u0 +
X
k2
k(t; x; u0; : : : ; uk 1)(2.3)
with k(t; x; u0; : : : ; uk 1) 2 Hk;R[t; u0; : : : ; uk 1] (k = 2; 3; : : :);
moreover, for any 0 < r  r0, 0 < c  c0 and s = R  c there is an " > 0 such thatX
k1
kkkUk with Uk = Uk(r; c; s; ")
is convergent, where 1 =  a(x)=(1  (x))t+ u0.
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(2) The coupling equation (	) has a unique formal solution of the form
 =
a(x)
1  (x) t+ w0 +
X
k2
 k(t; x; w0; : : : ; wk 1)(2.4)
with  k(t; x; w0; : : : ; wk 1) 2 Hk;R[t; w0; : : : ; wk 1] (k = 2; 3; : : :);
moreover, for any r > 0, 0 < c  c0 and 0 < s < R there is an " > 0 such thatX
k1
k kkWk with Wk = Wk(c; s; ")
is convergent, where  1 = a(x)=(1  (x))t+ w0.
(3) Moreover, we have the following equalities: u0 =  (t; x; ;D;D
2; : : :) as a
function with respect to the variables (t; x; u0; u1; u2; : : :), and also w0 = (t; x;  ;D ;
D2 ; : : :) as a function with respect to the variables (t; x; w0; w1; w2; : : :).
The proof will be published in [5]. We will give here only a construction of the
formal solution. The proof of the convergence is done by the majorant method; but the
details are very much complicated.
Construction of the formal solution of (). By the conditions A1), A2) and A3) we
have the expession







where a(x), (x) and ci;j;(x) (i+ j +   2) are all holomorphic functions in a neigh-
borhood of DR. We set






 2 Hp;R[t; u0; u1]; p  2:
Then, we have F (t; x; u0; u1) = a(x)t+ (x)u0 +
P
p2Rp(t; x; u0; u1) and so







Dm[Rp](t; x; u0; : : : ; um+1)
for any m 2 N, where a(m)(x) = (@=@x)ma(x). Thus, by substituting the unknown
function (t; x; u0; u1; : : :) into the coupling equation () we see that our coupling equa-
tion () is written in the form
(2:7)
 






















a vector eld with innitely many variables (t; u0; u1; : : :).




k(t; x; u0; : : : ; uk 1) 2
X
k1
Hk;R[t; u0; : : : ; uk 1]
be the unknown function. Since Dm[Rp](t; x; u0; : : : ; um+1) belongs in the class Hp;R
[t; u0; : : : ; um+1], by substituting (2.8) into (2.7) and by comparing the homogeneous
part of degree k with respect to (t; u0; : : : ; uk 1) we see that (2.7) is decomposed into





1 = 0 in H1;R[t; u0]













(t; x; u0; : : : ; um+1)
@q
@um















; k = 1; 2; : : : :
Thus, if we note the following lemma, we can get a formal solution (2.3) of ().
Lemma 2.3. (1) If (x) 6= 1 on DR, the equation (1   (x))1 = 0 has a
solution 1 2 H1;R[t; u0] of the form
1 =
 a(x)(x)
1  (x) t+ (x)u0
and (x) can be chosen arbitrarily.
(2) Let k  2. If j i+ (x)(j   1)j 6= 0 on DR for any (i; j) 2 NN with i+ j = k,
then for any fk 2 Hk;R[t; u0; : : : ; uk 1] the equation (k   (x))k = fk has a unique
solution k 2 Hk;R[t; u0; : : : ; uk 1].
Construction of the formal solution of (	). As in (2.5), we have the expression
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where a(x), (x) and ci;j;(x) (i+ j +   2) are all holomorphic functions in a neigh-
borhood of DR. Therefore, the coupling equation (	) is expressed in the form
(2:11)
 




















a vector eld of innitely many variables (t; w0; w1; : : :), and m;i(x) = m!=(i!(m  
i)!)(@=@x)m i(x) (0  i  m). We note that m;m(x) = (x) holds for all m =





 k(t; x; w0; : : : ; wk 1) 2
X
k1
Hk;R[t; w0; : : : ; wk 1]
be the unknown function. Then, by substituting (2.12) into (2.11) and by comparing
the homogeneous parts of degree k with respect to (t; w0; : : : ; wk 1) we see that (2.11)
is decomposed into the following recurrent formulas:
(2:13) (1   (x)) 1 = a(x)t in H1;R[t; w0]
and for k  2








      pj D

 q1
    D q
#














; k = 1; 2; : : : ;
jp(j)j = p1 +   + pj and jq()j = q1 +   + q. Thus, if we note the following lemma,
we can get a formal solution (2.4) of (	).
Lemma 2.4. (1) If (x) 6= 1 on DR, the equation (1   (x)) 1 = a(x)t has a
solution  1 2 H1;R[t; w0] of the form
 1 =
a(x)
1  (x) t+ (x)w0
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and (x) can be chosen arbitrarily.
(2) Let k  2. If j i+ (x)(j   1)j 6= 0 on DR for any (i; j) 2 NN with i+ j = k,
then for any fk 2 Hk;R[t; w0; : : : ; wk 1] the equation (k   (x)) k = fk has a unique
solution  k 2 Hk;R[t; w0; : : : ; wk 1].
x 3. Equivalence of two PDEs















= (x)w in G:(B)
Set
SA = the set of all solutions of (A) in F ;
SB = the set of all solutions of (B) in G:
Then, if we can nd function-spaces F and G so that the two mappings
 : F 3 u(t; x) 7 ! w(t; x) = (t; x; u; @u=@x; : : :) 2 G;
	 : G 3 w(t; x) 7 ! u(t; x) =  (t; x; w; @w=@x; : : :) 2 F
are well dened, by Proposition 2.1 and Theorem 2.2 we see that the two mappings
 : SA 3 u(t; x) 7 ! w(t; x) = (t; x; u; @u=@x; : : :) 2 SB ;
	 : SB 3 w(t; x) 7 ! u(t; x) =  (t; x; w; @w=@x; : : :) 2 SA
are well dened and that one is the inverse of the other. In this case, we say that two
equations (A) and (B) are equivalent.
Let us intrduce such function-spaces. We denote by R(C n f0g) the universal cov-
ering space of C n f0g, and we write: S(r) = ft 2 R(C n f0g) ; jarg tj < ; 0 < jtj < rg
and DR = fx 2 C ; jxj  Rg.
Denition 3.1. (1) We denote byS0 the set of all u(t; x) satisfying the following
i) and ii): i) u(t; x) is a holomorphic function on S(r)  DR for some  > 0, r > 0
and R > 0; and ii) we have
max
x2DR
ju(t; x)j = o(1) (as t  ! 0 in S(r)):
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(2) We denote by S+ the set of all u(t; x) satisfying the following i) and ii): i)
u(t; x) is a holomorphic function on S(r)DR for some  > 0, r > 0 and R > 0; and
ii) there is an a > 0 such that
max
x2DR
ju(t; x)j = O(jtja) (as t  ! 0 in S(r)):
Then we have
Proposition 3.2. Let (t; x; u0; u1; : : :) and  (t; x; w0; w1; : : :) be the solutions
in Theorem 2.2. Then the following two mappings are well dened:
 : S0 (resp:S+) 3 u(t; x) 7 ! w(t; x) = (t; x; u; @u=@x; : : :) 2 S0 (resp:S+);
	 : S0 (resp:S+) 3 w(t; x) 7 ! u(t; x) =  (t; x; w; @w=@x; : : :) 2 S0 (resp:S+):
Thus, we have the following result.
Theorem 3.3 (Equivalence). Suppose the conditions A1), A2), A3) and
j i+ (x)(j   1)j  (i+ j) on DR(3.1)
for any (i; j) 2 N N n f(0; 0); (0; 1)g














= (x)w in S0 (resp. S+):(3.3)
In other words, if we denote by SA the set of all solutions of (3.2) and by SB the set of

















We denote by S0((4:1)) (resp. S+((4:1)) the set of all solutions of (4.1) belonging in
the class S0 (resp. S+). Then we have
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Theorem 4.1 (Structure of solutions). Suppose the conditions A1), A2), A3)








; h(x) 2 Cfxg	; when Re(0) > 0;
	[0]
	
; when Re(0)  0:
Proof. This follows from Theorem 3.3 and the following fact:
SB =
(
h(x)t(x) ; h(x) 2 Cfxg	;when Re(0) > 0;
0
	
; when Re(0)  0:
Note that 	[0] =  (t; x; 0; 0; : : :) is nothing but the unique holomorphic solution
u0(t; x) obtained in Theorem 1.1, and so we have
Corollary 4.2 (Analytic continuation). Suppose the conditions A1), A2), A3),
Re(0)  0 and (0) 62 ( 1; 0]. If u(t; x) is a solution of (4.1) on S(r)DR satisfying
u(t; x)  ! 0 uniformly on DR (as t  ! 0 in S(r)), then u(t; x) has an analytic
continuation up to some neighborhood of (0; 0) 2 C2.
The details will be published in [5].
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